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1. Introduction 

It is by now well established that D-branes in topological string theories form a tri- 
angulated category [0,|2|] (see also |53,|,iOJll,|l6|,||,|6|,|l5|,|2l|].) This algebraic structure 
captures very important aspects of D-brane dynamics such as brane/anti-brane annihila- 
tion and bound state formation. For topological B-models on Calabi-Yau threefolds, it 
has been shown that the D-brane category is the bounded derived category of the target 
manifold 

It is also well known that Calabi-Yau compactifications are continuously connected 
to Landau- Ginzburg orbifolds (also called nongeometric phases) by marginal closed string 



perturbations [|6^. A central problem in this context is concerned with the behavior of 
D-branes under such perturbations. Answering this question requires a good control over 
D-brane dynamics in nongeometric phases. One possible approach to this problem relies 
on boundary states in Gepner models and quiver gauge theories . The main idea 

is that one can represent all rational boundary states as composites of a finite collection 
of elementary branes, called fractional branes. Many aspects of bound state formation 
are remarkably captured by quiver gauge theory dynamics. These methods have been 
successfully applied to D-branes on Calabi-Yau hypersurfaces in a series of papers M- 



18|,|1|,|5|]. One of the main outcomes of PJT3,||,|T|,0,|l|,|3g,|9l is that fractional 
branes are related by analytic continuation to an exceptional collection of bundles on 
the ambient weighted projective space. From a mathematical point of view, this can be 
understood cLS Si derived McKay correspondence 

An alternative approach to D-branes in topological Landau-Ginzburg models has been 
recently developed in [^l| - ^j5^ . The main result is that topological Landau-Ginzburg 
D-branes form a category which admits an abstract algebraic description based on the 
Landau-Ginzburg superpotential. This has been shown to be a very effective approach to 
D-branes in minimal models P3|| . 

In this paper we consider D-brane categories associated to Landau-Ginzburg orbifolds 
defined by quasihomogeneous superpotentials. Such models are typically encountered in 
the context of gauged linear sigma models. We begin with a discussion of Landau-Ginzburg 
boundary conditions and D-brane categories in section two. In section three we give an 
explicit algebraic construction of fractional branes which can be easily extended to more 
general Gepner model rational boundary states. 

In section four we construct more general objects in Landau-Ginzburg orbifold cat- 
egories - called new fractional branes - which do not have a rational boundary state 
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counterpart. In order to clarify their role in the theory, in section five we determine their 
geometric interpretation in the large radius limit using topological and algebraic tech- 
niques. The most important point is that such objects correspond to bundles (or more 
general derived objects) which are not restrictions from the ambient toric variety. In par- 
ticular we find that one of these objects corresponds to a single DO-brane on the Fermat 
quintic. This is an important result since the DO-brane on the quintic cannot be given 
a rational boundary state construction at the Landau-Ginzburg point. However, rational 
boundary states with the quantum numbers of one DO-brane are known to exist in other 
models. A systematic treatment can be found in ||5^. Also, boundary states with the 
quantum numbers of five DO-branes on the quintic have been recently constructed in [|5^ . 

The algebraic constructions developed here can also be very effectively applied to 
questions regarding deformations and moduli of D-branes in nongeometric phases. In 
order to illustrate some of the main ideas, we discuss two such applications in section six. 



First we prove a conjecture of |]2^ regarding composites of fractional branes. Then we 
show that the Landau-Ginzburg DO-brane admits a family of deformations parameterized 
by points on the Fermat quintic. This is a remarkable confirmation of the constructions 
employed in this paper. It also suggests that the Landau-Ginzburg DO-brane may be the 
appropriate notion of point [|l| in nongeometric phases. It would be very interesting to 
explore this idea in more depth in connection with 
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2. D-branes categories in Landau-Ginzburg Models 



The starting point of our discussion is a brief review of supersymmetric B-type bound- 
ary states in Landau Ginzburg models following [36,5I,12|. We then present the construc- 
tion of Landau-Ginzburg D-brane categories following |^,^| and extend it to orbifolds. 



Orbifold categories have been briefiy discussed in , but here we need a more systematic 
treatment. 
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Consider a Landau- Ginzburg model with n + 1 chiral superfields X = (Xa), a = 
0, . . . , n subject to a polynomial superpotential W{X). We assume that W has only one 
isolated, possibly degenerate, critical point at the origin. We would like to formulate this 
theory on the infinite strip G [—00, 00], G [0, tt] so that the full bulk-boundary action 
preserves B-type supersymmetry with supercharge Q = Q_^_ + Q_. In addition to the 
standard bulk action 

Sbulk = I d^xd^e J2 '^aXa + / d''xdHW{Xa) 
a=0 

- ^ i-dadbW il;+ailj-b + -dadtW il;+ai^-b\ 

a, 6=0 ^ ^ 

(2.1) 

(following the conventions of [0), supersymmetry constraints require an extra boundary 
term containing some number of boundary fermionic superfields IIq,, a = 1, . . . , s. These 
are nonchiral, i.e. DU^ = Goi{X) , where G is a polynomial function of the superfields 
X — (Xa) restricted to the boundary. The boundary action is of the form 

Sbdry = 7 / dx'^y^ [^«^« - ^«^«] + "^n , (2.2) 

where rja = ip-a + tp+a , Oa = tp-a - i>+a and 

Su^-- [ dx^d'^e V liana - - [ dx^de U^F^{X) + c.c. . (2.3) 
2 Jd^ 2 J 



The Fct{X) are polynomial boundary interactions. It was shown in [pi|T2| that the full 
action S = Sbuik + Sbdry preserves S-type supersymmetry if Fq, Gq satisfy the constraint 

s 

W = F^Go. + const. (2.4) 

If W has a single isolated critical point at the origin, the constant in the right hand side 
of (|2.4|) can be taken zero without loss of generality. Therefore B-branes will be classified 
by systems of polynomials (Fq, Gq.) so that W = J2a=i FaGa- Physically, such a brane is 
realized as the end product of open string tachyon condensation on a brane-antibrane pair 
of rank r = 2^ . The F^ describe the tachyonic profile on the brane world volume. The 
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Chan-Paton factors associated to the brane-antibrane pair are realized as the irreducible 
representation of the complex Clifford algebra 

{TTajTT/j} = {7fa,7f/3} = 

(2.5) 

{7rQ,7r^} = da)3- 
The boundary contribution to the supercharge is 

s 

D = J](7r«F«(X) +7f,G«(X)). (2.6) 

a=l 

More generally we can consider a string stretched between two branes specified by 
boundary couplings {Fa^\Ga^), {Fa\Ga^). The boundary action for the fermionic su- 
perfields is then 

^Jdi: ^lJx^=n ^^2.7) 



dx^de UaF^^\x) 

1=0 



+ c.c. 



We study the spectrum of Ramond ground states in this sector. There is a one-to-one 
correspondence between these states and the physical operators in the twisted S-model. 
The BRST operator is 

Qtot = QIaE + D. (2.8) 

where the first term is the restriction to the boundary of the bulk supercharge Q and 
the second represents the contribution of the boundary fields. The physical operators are 
classified by cohomology classes of Qtot acting on off-shell open string states. Since Qtot ■ 
X = 0, any element of the boundary chiral ring can be expanded as a linear combination 
of monomials tt^tt'^ — na=i ''^a^"^ T^a^'^\ where I{a), J{a) take values 0, 1, with coefficients 
in CM: 

$ = 5]/,,j(X>^7f'^. (2.9) 
i,j 

There is a natural 2/2 grading on the space of boundary fields defined by deg($) = 
J2a=iiH'^) ~ Ji*^)) T^od 2. Homogeneous elements of degree zero will be called bosonic, 
or even, while homogeneous elements of degree one will be called fermionic, or odd. The 
action of T> on homogeneous elements is given by 

D . $ = . $ - (_i)deg(<i>)$ . j^{2) ^2.10) 

where D^^\D^'^^ are the boundary BRST operators associated to the two D-branes. Using 
this formula, one can find explicit representatives for BRST cohomology, as discussed later 
in several examples. 
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2.1. D-Brane Categories 

We have so far considered a particular class of boundary conditions associated to 
tachyon condensation on brane/anti-brane pairs of equal rank r = 2^. This is a restricted 
set of supersymmetric boundary conditions which can be described in terms of additional 
boundary fermionic superfields. One can obtain more general D-branes as end products 
of tachyon condensation on brane/anti-brane pairs of arbitrary rank. Taking into account 
all such boundary conditions, we obtain a triangulated additive category Cw which admits 
the following presentation [ p| , |52[ . 



The objects of Cw are given by matrix factorizations of W, that is pairs Pi ^ Pq 

PO 

of free C[Xo, . . . , XAr]-modules so that popi = pipo = W. Following we will denote 
this data by P. The massless open string states between two D-branes P,Q, form a 2/2 
graded complex 

H(P,Q) = Hom(Pi©Po,Qi©Qo) = Hom(P„Q,) (2.11) 

where the grading is given by (i — j) mod 2. This complex is equipped with an odd 
differential D which represents the BRST operator of the boundary topological field theory. 
The action of on a homogeneous element $ of degree k is given by 

D . $ = g . $ - (-1)^$ .p (2.12) 

where p = pi ® po : Pi ® Pq — >Pi ® Pq, q = Qi ® Qo : Qi ® Qo — >Qi © Qq. This data 
defines a DG-category Vw [P1 , |5^ - The D-brane category Cw is the category associated 



to Vw by taking the space of morphisms between two objects (P, Q) to be the degree 
zero CO homo logy H^(M{P, Q)) of the complex (|2.11| ). We will use the shorthand notation 



H^(P,Q), i = 0, 1 for the cohomology groups. One can show that Cw is an additive 
triangulated category [p] , |52[| . Note that there is an obvious similarity between this formal 
construction and the more physical approach explained in the previous subsection. In order 
to exhibit the matrix factorization associated to a boundary condition of the form ( |2.3|) , 
let us choose the standard r = 2^ dimensional representation of the Clifford algebra ( |2.5| ). 
Then we can explicitly write the boundary supercharge as a r x r matrix which squares to 
W. One of the advantages of the algebraic approach is that the rank of brane/anti-brane 
pairs is not restricted to powers of 2. Let us record the most important properties of Cw 
for applications to physics. 
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i) Cw is equipped with a shift functor P — ^-P[l] 



P[l] 



Pa 



(2.13) 



-pi 



This is an autoequivalence of the category which maps branes to anti-branes. 

a) Every morphism P-^Q in Cw can be completed to a distinguished triangle of the 

form 

P^Q — >R — .P[l] (2.14) 

where is a isomorphic to the cone C{(p) of (p. The cone of a morphism P-^Q is defined 
by 



R 



Qi © Po Z ^ Qo © Pi 



ri 



Qi 




Po 
-Po 



Qo 




-Pi 



(2.15) 



In physical terms, distinguished triangles describe bound state formation pj]. More pre- 
cisely, the existence of a triangle ( |2.14|) implies that any two objects involved in the con- 
struction can form the third by tachyon condensation. In particular the K-theory charges 
of the three objects add to zero. In order to decide if a particular condensation process 
actually takes place or not we need more data which takes the form of a stability condition 
p5| , p2| ,|3[] . We will not review this aspect in detail here. 
For further reference, note that the Euler character 

X(P,Q) = dimif°(P,Q) - dimH\P,Q). (2.16) 

defines an (asymmetric) intersection pairing on objects. Physically, this is the Witten 
index of the open string Ramond sector defined by the two branes. 

The above construction can be reformulated in terms of 2/2 graded modules as fol- 
lows. A Z/2 graded C[X]-module P = (Pi, Pq) can be thought of as an ordinary module 
-P = -Pi © -Po equipped with a C-linear involution 77 : P — >P, rj^ = 1. The homogeneous 
parts Pi, Pq are the eigenspaces of rj corresponding to the eigenvalues -|-1 and —1 respec- 
tively. A pair P can be similarly thought of as a triple {P,r]p,p) where p : P — >P is a 
(D[X]-module homomorphism satisfying 



PVp +VpP = 0, 



P 



W{X). 



(2.17) 



The 2/2 graded complex ( 2.11 ) can be similarly regarded as the (D[X] -module Hom(P, Q) 
equipped with an endomorphism D and an involution r]pQ satisfying 



tipqD + Dr]pQ = 0, D' = 0. (2.18) 

The involution is induced by rjp^rjQ. We will find this point of view very useful later in 
the paper. 
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2.2. Orbifold Categories 

We are interested in Landau-Ginzburg orbifolds obtained by gauging a discrete sym- 
metry group G of W. Typically, these models are realized as infrared effective theories 
of gauged linear sigma models, in which case G is a finite cyclic group G = TL^ for some 
d > 0. The construction of the D-brane category can be easily extended to this situation. 
5^. The objects are pairs P of G-equivariant free C[X]-modules subject to an equivari- 



ant condition on the maps po^pi. More concretely, regarding Pq, -Pi as trivial bundles 
Pi = C^"*"^ X z = 0, 1 of rank ro, ri, we have to specify representations Ri of G on C^', 
i = 0, 1. We can represent the object in the orbifold category as 



^ p ^ — — p y 



Po 

Fig. 1: Orbifolded Object 



If we denote by p : G — >GL{n + 1,C) the representation of G on C"^"*"^, the maps po,pi 
must satisfy the equivariance condition 

Riig)poip{9-')X)Ro{g-')=Po{X), R^{g)p^{p{g-')X)R,{g-') = pi{X) (2.19) 

for any group element g & G. This condition imposes certain restrictions on the allowed 
representations Rq.Ri, as explained later in examples. Given two such objects P, Q, the 
action of G on P^, Qi, z = 0, 1 induces an action on the terms in the complex ( |2.11j ) which 
is compatible with D. Therefore we obtain an equivariant 2/2 graded complex. The space 
of morphisms in the orbifold category Cw,p is given by the G-fixed part of the cohomology 
groups H^{P,Q). In this way we obtain a triangulated category Cw,p- The shift functor 
and the distinguished triangles can be constructed by imposing equivariance conditions on 
equations (p^ , (|T|), and (|2T5D . 

3. Fractional Branes 

From now on we restrict ourselves to quasihomogeneous Landau-Ginzburg potentials 
W{X) of the form 

W{X) = +X^^ + ... + X^" (3.1) 
7 



where all (ia > 3, a = 0, . . . , n. The discrete symmetry group is G = Z^, where d = 
l.c.m((io, ■ • • , dn), and the action p is specified by 

p(^)(Xo, ...,Xn) = {u^'^'Xo, . . . , iv^-Xr,) (3.2) 

with Wa = 7r"5 = 0,...,7i. This theory is equivalent to a Z/d orbifold of a product of 
71 + 1 (2, 2) minimal models at levels ka = da — 2, in which D-branes can be explicitly 
described as rational boundary states satisfying Cardy's consistency condition |5^,^. In 
particular B-type boundary states are classified by a vector L = (Lq, . . . , L^) with integer 
entries < L < d and an extra quantum number M which takes even integer values 
M G {0, 2, 4, . . . , 2(i — 2}. The orbifold theory has a quantum Z/d symmetry which leaves 
L invariant and shifts M by two units M — >M + 2. The L = boundary states are known 
as fractional branes and play a special role in the context of Calabi-Yau compactifications, 
as discussed in the next section. 

The goal of the present section is to find a relation between the algebraic approach 
explained above and the boundary state construction. In particular, we would like to know 
if there is a natural algebraic construction of the fractional boundary states described in the 
last paragraph. In order to answer this question, let us start with the algebraic realization 
of B-type boundary states in the one variable case. 

3.1. One variable models 

Consider a LG potential W = X'^, d > 3. In the absence of the orbifold projection, 
the D-brane category Cw has a very simple description IS^Ji^j . The objects are pairs 
Ml of rank one (D[X]-modules labeled by an integer / G {1, . . . ,d — 1} with mi = X\ 
mo = X'^~^ . Factorizations that correspond to mi = 1 or mi = X'^ are trivial objects in 
the category. By construction, Md-i is isomorphic to Mi[l], therefore Mi and Md-i form 
a brane/anti-brane pair. Therefore we can restrict our attention to the range I < [|] . 

Let us study the morphisms between any pair of objects in Cw- Picking the standard 
two dimensional representation of ( |2.5| ), the generic morphism $ in (|2.9|) is written as 

/o ti 
to fi 



where we follow the conventions of [|T2[. A straightforward analysis of the 2/2 graded 
complex ( |2.11D shows that 

r €[X]/{X niin{fc,d-z}^^ ^ < ^ 

ifO(M^,Mfc)= <^ (3.3) 
[ C[X]/(X"^in{'''^-'=>), if/<A;. 




Fig. 2: Endomorphisms of the object Mi 



Moreover in the first case we can choose cohomology representatives of the form /o = 
X", /i = X^~^ fo, a = 1, . . . , min{/c, (i — /}, while in the second case we can choose 
representatives /i = X", /o(-^) = X'^~^ fi, a = 1, . . . , min{/, (i — k}. For fermionic 
morphisms we find similarly 

r C[X]/(X"^in{'=''}), i{k<d-l 

H\Mi,Mk) = { (3.4) 

In the first case, we can choose representatives ti = X", to = —X'^~^~'^ti, a = 
1, . . . , min{/c, /} and in the second case to = -^"5 ii = — a = 1, . . . , mm{d—k, d—l}. 

Now we move to the orbifold category Cw,p- As discussed above, the objects are 
given by equivariant triples {P, Rq, Ri). The Z/d action on C is given by p{uj){X) = 
ooX, where 00 = . It suffices to consider the rank one objects Pi which generate 
the unorbifolded category. Then the representations Ri , Rq are specified by two integers 
CKo? CKi £ {0, . . . , (i — 1}. The equivariance condition (|2.19[ ) yields cto = cii + I- Thus the 
rank one objects of Cw,p are given by a pair of integers (/, a) so that I E {1 . . .d — 1} and 
a G {Q. ..d — l}. We will denote such an object by Mi^a- Since the rank one objects 
generate Cw, the same will be true for Cw,p- 

Let us determine the bosonic and fermionic morphisms between any two objects 
Mi^on Mk^p. We have to take the G-fixed part of the cohomology of ( |2.11|) . In the present 
case, this implies that the space of bosonic morphisms is generated by polynomial maps 
/o, /i satisfying the equivariance conditions 

UX)u'^+'=uP+^Uu-^X) 

(3.5) 

h{X)uj^=u:^h{uj-'X). 
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For maps of the form /o = X" and /i = X^, the equations (|3.5|) , lead to the foUowing 
conditions 



a = k -I + b = {(3 - a) + {k - I) 



for 



< a < min{A; -l,d-l-l}. 



(3.6) 



We can repeat the above analysis for fermionic morphisms, taking to = and ti = —X^ . 
In this case, we find the conditions 



d - (/ + A;) + 6' = / + (/3 - a) 



for 



0<a'<min{d-/-l,d-A;-l}. (3.7) 



Therefore we find the following spaces of bosonic and respectively fermionic morphisms 

C, iik<l imdl-k<(3-a< m\n{l - 1, - /c - 1} 



C, if A; > Z and < /3 - a < min{Z - l,ci- A; - 1} (3.^ 

. 0, otherwise, 
r C, iik>d-l and I < (3 - a < rmn{d + 1 -k - l,d-l} 

C, ifA;<rf-/and d - k < [5 - a <Ymn{d + I - k - l,d - I) 

. 0, otherwise. 



(3.9) 

where I < [|] . Note that the transformation (/, a) — > {d — l^a + 1) exchanges the bosonic 
and fermionic spectrum. Therefore Md-i,a+i is again isomorphic to the antibrane M/^q,[1] 
of Mi^a- For future reference, let us also note that the intersection matrix of / = 1 states 
x(Mi Q,, Ml Q.) is (1— G~^), where G is the shift matrix defined by the linear transformation 

/ 



Ml. I 



M 



1,1 

, t 




Ml 



Fig. 3: Quiver for the orbit of / = 1 states 
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This is summarized in the quiver diagram fig. 3 . One can extend the results found here 
to more general models of the form W = X^'^, where w is an arbitrary integer, subject to 
the orbifold action X — >e^X. Although we will not give the full details, note that the 
intersection matrix of / = 1 objects becomes (1 — G~'^) in this case. 

3.2. Comparison with Minimal Models 

Let us compare the above results to the rational boundary state construction in the 
'S./d orbifold of the Ad-2 minimal model. The boundary states are labeled by three quan- 
tum numbers L G {0, . . . , d-2}, M e {-(d-l), . . . , mod 2d, and S e {-1, 0, 1, 2} mod 4 
subject to the constraint 

L + M + S = mod 2. (3.10) 

and the field identification 

{L,M,S) {d-2- L,M + d,S + 2). (3.11) 

Topologically twisted B-branes correspond to Ramond sector boundary states, which are 
characterized by G {—1,1}. Moreover, the transformation (L, M, 5") — >{L,M,S + 2) 
maps a brane to its antibrane. Therefore, using the equivalence relations ( |3.11J ), we 
can label rational boundary states by |L,M), adopting the convention that \L,M) and 
\d — 2 — L, M + d) form a brane/anti- brane pair for any (L, M). 

We have an intersection pairing on the set of boundary states defined by the open 
string Witten index, which counts open string Ramond ground states with sign [p4|. This 



pairing can be evaluated using CFT techniques, obtaining [p8| 



/( |Li, Ml, ^i) , |L2, M2, ^2)) = (-l)^^iVilf^Zf ^ 

js^M.-M, _ f 1, if \Li - L2I < M2 - Ml < min{Li + L2, 2d - 4 - Li - L2} 
I 0, otherwise . 



(3.12) 



Using the equivalence relation (|3.11|) as explained in the previous paragraph, we can rewrite 
this formula as follows 



/(|Li,Mi), |L2,M2)) 



1, if |Li - L2I < M2 - Ml < 

min{Li + L2, 2d - 4 - Li - L2] 

-1, if |Li + L2-rf + 2| <M2-Mi-rf< 

min{Li - L2 + (i - 2, L2 - Li + (i - 2} 

. 0, otherwise . 

(3.13) 
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In order to find a map between these boundary states and the objects constructed 
earher, recaU that the orbifold has a.'S./d quantum symmetry which acts on boundary 
states by shifting M — >M + 2, leaving (L, S) fixed. In the D-brane category, the same 
quantum symmetry maps a brane M/^^ to Mi^ct+i- Given the range of L G {0, . . . , (i — 2} 
and respectively /G{l,...,(i— 1}, we are lead to the following identifications 

L = /-l and M = 2a + /. (3.14) 

As a first check, note that this identification maps brane/anti-brane pairs to brane/anti- 
brane pairs. Furthermore, one can check by simple computations that the intersection 
pairing ( |3.13| ) agrees with the previous results (|3.8|), ( p.9| ) under the map (|3.14| ). In par- 



ticular the intersection matrix of the L = boundary states agrees with the result found 
before for Mi q,, namely (1 — G~^). This correspondence can be easily extended X.o'S.jd 
orbifolds of A^^^i minimal models, where w > 1. In this case, the intersection matrix is 
(1 — G"^), in agreement with LG results. In order to extend this correspondence to more 
general LG orbifolds, we need an algebraic construction which will be described next. 

3.3. Tensor Product 

In more general situations we have to construct matrix factorizations for LG super- 
potentials depending on several variables Xa, a = 1, . . . ,n. This is a more difficult task 
than the one variable case. In the following we will describe a systematic approach to 
this problem based on a tensor product construction. This is the algebraic counterpart of 
tensoring boundary states in products of minimal models. 

Let us start with a simple example, namely a superpotential W{Xi, X2) = Wi{Xi) + 
^^2(^2) depending on two variables. We first present the construction in terms of boundary 
couplings using the formalism of section 2. Consider two separate B-type boundary con- 
ditions for Wi, W2 specified by boundary couplings of the form IiiFi{Xi) and respectively 
112^2 (X2) satisfying 

Fi(Xi)G'i(Xi) = W^i(Xi), F2{X2)G2{X2) = W2{X2). (3.15) 

These boundary conditions correspond to rank one factorizations P, Q of Wi, W2. The sum 
/ dx^ d9 [niFi(Xi) -(- n2-F2(-^2)] determines a supersymmetric boundary condition for W , 
as explained in section 2. In order to translate this construction in algebraic language. 
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pick the standard four dimensional representation of the Chfford algebra generated by 
TTi, 7r2, Tfi, 7r2. Then the boundary supercharge takes the form 



D 






G'i(Xi) F2{X2) 

G2{X2) -Fi{Xi] 



F^{X^) F2{X2) 

G2{X2) -GiiXi) 





(3.16) 



The corresponding object in the category Cw is of the form 



ri 



Fi{Xi) 

G2{X2) 



€[X,,X2] 

F2{X2) 

-G'i(Xi) 



±€[X^,X2] 



Gi{Xi] 

G2{X2] 



F2{X2) 

-F^{X^] 



(3.17) 



We will denote it by P ® Q- Consider two such tensored objects Pi ® Qi and P2 ® Q25 
where Pi are objects in Cw^ and in Cvkj ■ The spaces of morphisms between them can 
be found by analyzing the boundary chiral ring in the associated open string sector. From 
the form of (|2.6|) we see that any element in the cohomology of V must have the form 



(3.18) 



a=l,2 



where is a physical operator in the LG theory with superpotential Wa{Xa)- It follows 
that 

H\Pi0Q^,P2®Q2)= H\P^,P2)(^H\Q^,Q^). (3.19) 

i,j=0,l 
i-j=k{2) 

This is in fact a special case of a more general construction, which is best described in the 
algebraic framework. 

Let us now consider a superpotential W = W{Xa, Yb), a = 0, . . . , n, b = 0, . . . , m 
which can be written as a sum 



W{Xa.Y,) =W,{Xa) + W2{Yt). 



(3.20) 



For simplicity we will use the notation X = {Xa)a=i,...,n, Y = (yb)6=i,...,m- Let P, Q 
be two arbitrary matrix factorizations of Wi{X) and respectively W2(Y). We claim that 
one can form a canonical matrix factorization P Q of W{Xa, Yi,) as follows. Recall that 
Po, Pi are free C[X]-modules of arbitrary rank, and, similarly, Qq, Qi are free C[y]-models. 
Note that we have standard ring morphisms C[X],C[y] — >C[X, F] corresponding to the 
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projections tti : C"+"" = (C" x C""-^C^ and respectively tts : C"+"^ = x — ^C"^. 
For any C[X]-module A, we have a pull-back C[X, y]-module tt^A = A ®([][^] C[X, F]. 
Similarly, any C[y]-module B gives rise to a C[X, y]-module tt^S = S ®([^[y] ^[^' We 
take _ _ 

(P (g) Q)i = 7r*Pi ^^[^ TTsQo © 7r*Po ®(D[x,y] ^2^1 



(3.21) 



The maps (P (g)(5)] 



(P © Q)o are given by 



ri 



pi (g 1 1 (g 
1 © -Po © 1 



Po © 1 1 © 
1 © Q'o -Pi © 1 



(3.22) 



It is straightforward to check that this is a matrix factorization of W{X, Y) = Wi{X) + 
W2iY). 

Next, we would like to determine the spaces of morphisms between two tensor product 
objects Pi (gQi, P2 ©(52- The most efficient way to proceed is by reformulating the above 
construction in terms of differential Z/2 graded modules, as explained below ( |2.16| ). The 
objects P, Q considered in the previous paragraph can be regarded as differential 2/2 
graded modules {P,r]p,p), {Q,r]Q,q) satisfying the conditions 



P 



r,l = l 



VpP + PVp = 0, 

VQQ + QVQ = 0: q^ = W2iY), 
The tensor product P ® Q corresponds to the triple 

(tt^P (g 7r2(5,?7p (g ?7Q,p (g ?7Q + 1 (g g) . 



(3.23) 



(3.24) 



Now, the spaces of morphisms H^'^{Pi, P2) and respectively H^'^{Qi,Q2) are deter- 
mined by the differential Z/2 graded modules (Hom(Pi, P2), TjPi,P2^ -^1) and respectively 
(Hom(Qi,Q2),^Qi,Q2.^2) where 



VPi,P2Di + P'i??Pi,P2 =0, Dl= 0, ?7p^ = 1 
VQi,Q2D2 + D2r]Q^,Q2=0, Dl = 0, ?^J^Q^ = 1. 



(3.25) 



The differential 2/2 graded C[X, y]-module which determines the morphism spaces be- 
tween Pi (g Qj^, P2 © Q2 is then given by 



[RomiPi, P2) ©(C[,,j^] Hom(Qi, Q2), ^Pi.p^ © VQ^Q^^Di ® ?7q,,q, + 1 ® 1^2 j • (3.26) 
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It is straightforward to check that the data (|3.26| ) forms a differential 2/2-graded module, 
using ( |3.25| ). This is in fact a familiar construction in homological algebra, namely the 
tensor product of two Z/2 graded differential complexes. Then we can use the algebraic 



Kiinneth formula to relate the cohomology of ( J3.26D to that of the individual complexes 
(P, ?7p,p), (Q, rjQ, q). This yields an exact sequence of y]-modules 



i,j=0,l 
i-j=k{2) 



Tor^^[^'^](if^(Pi,P2),i^^(Qi,Q2)) 

i,i=0,l 
i-j=fc-l(2) 



(3.27) 



In order to compute the Tori group in the third term of ( |3.27| ), we have to pick a locally 
free resolution J^' — >H^ [Q^, Q2) and construct the complex 

O^tt;^- <H\P^,P2) . (3.28) 

The group Tor^^^ y^{W{Pi, P2), H^{Qi, Q2)) is the first cohomology group of this com- 
plex. We claim that this is always zero because the complex ( |3.28[ ) is exact. To justify this 
claim, note that tt^J?-' is always exact since C[X, Y] is a flat C[F]-module. Moreover, the dif- 
ferentials of 7^2^^ are pulled back from JF. Then one can check by direct computations that 
such a complex will remain exact after tensoring by the pull-back module 7r^-ff*(Pi, P2). 
Therefore we obtain the following simple formula 

H''(Pi®Q„P2®Q2)= H\Pi,P2)®H^(Qi,Q2). (3.29) 

i-j=k{2) 

The tensor product can be easily extended to orbifold categories. Consider a finite 
cyclic group G and representations pi : G — >GL{n -M,C), p2 : G — >GL{m + 1,C). There 
is an obvious induced representation (pi,p2) : G — >GL{n + m + 2,C). In the orbifold 
categories CvKi,pi, Cw2,p2 have to specify representations of G on the pairs P, Q ^.s 
described in section 3.2. The objects are triples {P, Ri, Rq), {Q,Si,Sq) satisfying the 
equivariance condition (|2.19|) . In order to produce objects of C\y^^'[y^^(^p^^p^), it suffices to 



specify a group action and impose equivariance conditions on tensor products of the form 
P0Q. 

Alternatively, one can easily construct such objects by taking tensor products of 
equivariant triples {P,Ri,Ro), {Q,Si,So). The representations Ri,Ro,Si,So induce 
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canonical representations of G on the tensor product modules ( |3.21j ) so that the mor- 
phisms ( |3.22D satisfy the equivariance condition ( |2.19D . Therefore we obtain an object 

(pi,P2)- '^^^ morphisms between two such objects can be 
determined by imposing G-invariance in the formula ( |3.29| ). Note that for fixed P, Q, the 
tensor products (P, Rq) ® (Q, Si, Sq) are not in 1 — 1 correspondence with the quadru- 
ples {Rq,Ri,Si,Sq). Two different quadruples [Rq, Ri, Si, Sq) may result in isomorphic 
tensor products. In order to clarify the details, we return to the construction of fractional 
branes. 

3.4- Fractional Branes 

We consider an orbifolded LG model with a quasihomogeneous superpotential 

W{X) = +X^^ + + X^- (3.30) 

with da > 3, a = 0,. that corresponds to a orbifold of a product of minimal 
models at levels ka = da — 2. We will focus on the orbit of rational boundary states 
with L = 0. These are essentially constructed by tensoring rational boundary states with 
La = and arbitrary values of Ma- One can show that two boundary states with the same 
L and total quantum number M = X]a=o isomorphic. We will show here that the 

algebraic counterpart of this construction is the tensor product introduced in the previous 
subsection. 

Let us start again with a two variable example of the form 

W{X) = Xf' +X^\ (3.31) 

Let Wi{Xi) = Xf\ W2{X2) = X^\ The Z/rf-orbifold action is given by Xi — ^u'^^Xi, 
X2 — >u!'^'^X2, where d = l.c.m{da} and Wa = d/da, a = 1,2. To each pair M;^, Mi^ of 
rank one factorizations of Wi{Xi),W2{X2) we can associate the tensor product Mi-^^i^ = 
Mi^ Mij, which is a rank two matrix factorization of W{X). To define fractional branes 
in the orbifold theory, we have to specify a two dimensional representation of the orbifold 
group TLjdGG. Mi^i^. After imposing the equivariance conditions ( p.l9|) we find a collection 
of d objects labeled by an integer [i G {0, . . . , (i — 1} which are cyclicly permuted by the 
quantum Z/d symmetry of the orbifold theory. The corresponding representations on 
[Mi^ ®Mi^)o and {Mi^ ®Mi^)i are 

M^)=["i^ Pi(c.)=("7' J^r^f. (3.32) 
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The same result can be obtained by directly tensoring the objects q.^ of the 

one variable orbifold theories provided that /U = ai + As noted in the last paragraph 
of the previous subsection, the tensor product depends only on the sum = ai + q;2, not 
on the individual values ai, a2. 

In order to find the morphisms between Mi-^i^^fj^, Mkj^k2,n' have to take the G- 
invariant part of 

H\Mi,i„Mk,k2)= H\Mi„Mk,)®W{Mi„Mk2) (3.33) 

i,j=0,l 
i-3=k{2) 

under the G-action determined by {pi, fJ., fJ.' ■ More precisely, we have to identify the 
trivial G-module in the direct sum decomposition of H'^i^Mi^i^^Mk^k^) into irreducible 
G-modules. Equivalently, we can consider the G-action on H^[Mi^i^, Mk^k2) induced by 
p and the trivial representations on Mi^i^, M^^k^, and identify the p' — p block in its 
decomposition into irreducible G-modules. Taking this point of view, consider the G- 



action on the right hand side of (|3.33|) induced by pi,p2 and the trivial representations 
on M/^, . . . , M/j2. An important observation is that the irreducible G-modules in the 
decomposition of W{Mi^^ -^fci) are isomorphic to the morphism spaces H^{Mi-^fi, 
in the orbifold category Cwi,pi- Therefore we have 

d 

1' _ _ (3-34) 

The p' — p block in the decomposition of the right hand side of ( |3.3ij| ) is therefore 

d 

i,j=0,l a, 13=0 
i-j=0{2) 

This is a very useful formula expressing the morphism spaces in Cwi+W2,{pi,p2) terms 
of morphism spaces in Cwi,pi, Cw2,p2- A direct consequence of (|3.35| ) is a similar relation 
between intersection numbers 

d 

X{Ml,l2,p.,Mk,k2,p')= Yl X(Mz,,0,Mfc,,a)x(Mz,,0,Mfc,,/3)- (3-36) 

a, 13=0 



17 



Our goal is to show that there is a one to one correspondence between the L = 



boundary states in the minimal model theory and the tensor product objects M 



Ob- 



viously, they have the same transformation properties under the orbifold quantum sym- 
metry. Moreover, one can check as in the one variable case that such an identification is 
consistent with mapping branes to anti-branes. The main test of this proposal is the com- 
parison of intersection matrices. The expected CFT answer for rational boundary states 
is na=o(I -G'^'^). Equation ( ^) gives 

d 

x(Mi,i,^,Mi,i,^0 = x(Mi,o,Mi,«)x(Mi,o,Mi,^)-5^,_^_(,+^). (3.37) 

Note that the intersection numbers x(Mi^q,^, Mi^q^) invariant under a simultaneous 
shift ai — mi + r, a2 — + Then, using ( p.35|) , we find that the intersection matrix 
of {Ml 1^^} is simply the product of the one variable intersection matrices 



Ml 



[(]r_G'-^i)(i 



(3.38) 



which is in exact agreement with the CFT result. This is very strong evidence for our 
proposal. 

Since the above discussion is somewhat abstract, let us construct the endomorphisms 
of Mil explicitly. Using (|3.3| ) and (|3.4|), we know that for the W = X'^ theory, the object 
Ml has one bosonic and one fermionic endomorphism. It follows from (|3.19 ) that Mn 
has two bosonic and two fermionic endomorphisms, independent of the value of d. The 
fermionic ones have the form 

/ 



To = (tf TTo + tY' TTo) if^'' nini + /^^ n^m 



(1) 



.(1) 



v 






vd-2 
-^0 



( 



Ti 



. .(0) _ , „(0) _ X ,,(1) _ , ,(1) X 

(jo 7ro7ro + /i TToTTo) (to tti + ti tti) 










1\ 




0/ 



(3.39) 








where we have used the results of the one variable case. Similarly, the bosonic morphisms 
have the form 







-1 


- 
1 




1 







x^-'^ 



\ 













I4 = {ff^ TTOTTO + ff^ TTOTTO) (/q^'^ TTlTTl + ^ TTlTTl) 
^(0)^„ , ,(0)_ X / ,(!)- , ,(1) 



To ■ Ti = (t^^^ TTO + t'-r TTo) {A ^ TTi + t't^ vri) 



Ao Ai 



V 









1 
















d-2 



XI 



d-2 



/ 
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We know from our earlier discussion that in the orbifold theory, the intersection matrix 
for the fractional branes has the form 



= 1-20-^ + G-^, (3.40) 

where G is the shift matrix that corresponds to moving forward in the orbit by one unit. 
We can see this from the explicit form of the endomorphisms of Mi i. After taking the 
orbifold these become morphisms between different objects in the orbit Mi , according 
to their 2^ charge. The charges are determined by the group action on the objects, as 
in ([3.321). For tensor products of / = 1 objects, it is possible to see that each fermionic 



constituent contributes charge -1 to the total charge of the morphism obtained by tensor 
product. Thus, Tq and Ti have charges —1, while Tq -Ti has charge —2 , in agreement with 

(S). 

We can generalize this construction to arbitrary numbers of variables. By taking 
successive tensor products we find objects of the form M^q^...^^^^^ where ^ = 0, . . . , (i — 1. 
The morphism spaces and intersection numbers of two such objects can be computed 
by induction. For unorbifolded objects, we have M^^ ... = M^^ ... ® Mi^ and 

similarly Mko,...,kr,-i,k^ = Mko,...,kr,-i ® Mfc„. Repeating the steps between ( p.33|) and 
( p.34|) we find the following recursion formula for morphisms 

H'^{Ml^^^,,,^l^^^,Mko,...,k^,^l') = 
d 

[if'(M,„,...,,„_,,o,Mfc„,...,,„_,,„)®if^(M,„,o,M.„,/3)]5^'-^-(^^^^ ^3.41) 

i,j=0,l a,/?=0 
i-j=0(2) 

This yields a similar recursion formula for intersection numbers 

X(M/q,...,;„,^, Mfco,...,fc„,^/) = 

^ _ _ _ _ (3.42) 

> . x{Mi Mko,...,k^^i,a)x{Ml^fi, Mk„,i3) ■ 5^'_/x-(a+/3)- 

a,/3=Q 



By specializing ( p.42|) to the fractional branes Mi ... i^^, we find again that the intersection 



matrix can be written as a product 

n 

x(Mi,...,i,^,Mi,...,i,^.) = iUi^-G-'^)],,., (3.43) 



a=0 

which is the expected CFT result. 
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4. New Fractional Branes and Geometric Interpretation 

So far we have reproduced the known boundary state results from an algebraic point of 
view. In this section we construct a new class of fractional branes in homogeneous Landau- 
Ginzburg models which do not have a rational boundary state counterpart. We also find 
their geometric interpretation in some Calabi-Yau examples and show that they are not 
restrictions of bundles (or sheaves) on the ambient toric variety. It is worth noting that a 
special case of this construction yields a single DO-brane on the Fermat quintic. Landau- 
Ginzburg boundary conditions corresponding to non-rational boundary states have been 



previously considered in [^^. Although that construction is also based on factorization of 
the superpotential, it is not clear how it is related to the present approach. Let us start 
with the building blocks of our construction. 

4-1- Rank One Factorizations for Two Variable Models 

The basic idea is quite straightforward. The fractional branes were constructed by 
taking tensor products of one variable rank one factorizations. However, in certain cases 
one can use alternative building blocks consisting of rank one factorizations of two variable 
models. Consider a homogeneous superpotential of the form 

W{Xo,Xi)=X^ + Xf. (4.1) 



It is clear that one can construct rank one factorizations of the form 

pi 

PO 



n-1 

Pv={ PiZllPo ]. pi=Xo-r?Xi, po= l[{Xo~v'Xi), (4.2) 



where {77} is a complete set of d-th roots of —1. Given two such factorizations Pn,Pr]', 
one can easily determine the morphism spaces 

H'iP P A = S^iY]/iY'^-^)^ ifrj = rj' . ^ P A = S^^ ^ ^ ^' (4 3) 

^ [^v^^v') iinj^T]' ^ y^v^^n'} |o, if 77 = 77'. ^^-^^ 

In the orbifold category, we obtain rank one objects of the form P^,a, a = 0, . . . , (i — 1, 
where a specifies the action of "K/d on (-Pr?)i- The action of the orbifold group on {Prj)o 
follows from equivariance constraints. The morphism spaces can be found by imposing an 
equivariance condition on the morphisms (|4.3| ). The result is 

C, if ?7 = rj' and /3 7^ a — 1 



^''^^ ~ \0, otherwise 

TT^(P p if 77^77' an 

^''^^ \0, otherwise. 



(4.4) 

^i,-^ ^ _ J ^5 if 77 7^ 77' and a = (3 
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We can write the intersection matrix of two objects in any given orbit as 



, P,,p) =[lL + G + G' + ... + G"-^] (4.5) 

We have shown in the previous section that the superpotential admits tensor 

product rank two matrix factorizations Mi^^i^. For later apphcations, we need to determine 
the morphism spaces between the fractional branes Mi^i and the rank one objects P^. This 
analysis is performed in appendix A where we find 

ifO(Mi,i,P^) =C, ifi(Mi,i,P^) =C. (4.6) 

The morphisms spaces between orbifold objects are given by 

if°(Mi,i,^,,P,,^0 = 'l^^^^J^^ ^ , if^(P,,^,Mi,i,^0 = 'l^^^^J^^ ^ 

(4.7) 

The intersection matrix is thus 

x(Mi,i,^,P,,^0 = (G-2 -G-i)^^. , (4.8) 
where G is the shift matrix introduced in section 3.2. This result holds for any value of rj. 

4-2. New Fractional Branes 

Using the above rank one factorizations, we can construct new D-branes in LG orbifold 
models defined by homogeneous superpotentials 

W{X) =X^ + ... + X^ (4.9) 

as follows. Recall that the fractional branes were constructed by taking tensor products 
of rank one factorizations associated to the monomials in ( [4.9] ). In order to obtain 
more general objects we can decompose W{X) as a sum of monomials Wa = X^ and two 
variable superpotentials Wab = X^ + Xf. To each summand of the form Wa, we associate 
a fractional brane Mi^ while to each summand Wab-, we associate a rank one factorization 
Priab- Using these building blocks, we can construct new objects by taking tensor products. 
More precisely, let us decompose W{X) as 

W = WgI + W2^ + ...+ W2m^2m+l + W2m+2 + . . . + V^n (4.10) 
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for some m < n/2 — 1. Tlien we obtain an object 



^nm no o ^1 -lo I = Pnn, ® Pvo-, ® • • • ® Pvo , ® Af (g) . . . (g) (4.11) 

'/Ol 5 • • • 7 '/27n ,277T, + 1 )''277T, + 2 V • j'^TJ- '/Ol ^ '/23 ^ ^ 'l2m,2m-\-l ^ ''2m-\-2 ^ ^ ''■n \ / 

in tlie category Cw- Objects in tlie orbifold category can be obtained by making this 
construction equivariant with respect to the action, as explained in the previous 
section. In this case it turns out that the Z/d action on „„ , ,,.;„ ,„ ; is 

/ ^/01v5'/2m,2m + lit'2m + 2v7''n 

completely determined by a single integer fx ^ {0, . . . , (i — 1}. 

For geometric applications, we need to determine the morphism spaces 

between the fractional branes and the new objects ( [4.11| ) . These spaces can be determined 
inductively, as explained in section 3.5. Following the steps detailed between ( |3.33|) and 
(^) we first find 

d 

i,j=0,l a, [3=0 
i-j=k{2) 

for a single tensor product. This formula must be iterated each time we add an extra 



factor, which can be either P^^ or Mi^ for some a, 6 as in equation ( 3.41 ). Applying 
this algorithm, one can show that the intersection matrix can be obtained by multiplying 
the individual intersection matrices of the building blocks. From now on, we will restrict 



ourselves to objects with = 1 and denote the branes obtained by tensoring k such objects 
by M . The fractional branes will be denoted by M ^ and the new objects ( |4.11j ) will 
be denoted hj Aj^ = ®M j . Then, usmg (|]|) we find 



X ( mI^\a^^^) = {G-^ - G'-i)"^+i(I - G'-i)"-2--i. (4.13) 



independently of the values of 77a, a+i in the tensor product ( [4.11|) . We will make use of 
this result in order to find the geometric interpretation of these objects in the large radius 
limit of the linear sigma model associated to 
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5. Geometric Interpretation in Linear Sigma Models 

The Landau- Ginzburg orbifolds considered in this section are special points in the 
SCFT moduli space associated to gauged linear sigma models. More specifically, the 
linear sigma model in question has a single U{1) gauge field and n + 2 chiral multiplets 
Xq, . . . , Xm $ with charges (1, . . . , 1, —d). For d = n + 1 the U{1)r symmetry of the linear 
sigma model is anomaly free, and the infrared limit of the theory consists of a moduli space 
of soft's parametrized by complexified FI terms. Typically, this moduli space contains 
certain special points, where the SCFT exhibits a special behavior. The special points of 
interest here are the Gepner point, where the SCFT admits the LG orbifold description, 
and the large radius point, where we have a nonlinear sigma model realization. In the last 
case, the target space of the nonlinear sigma model is given by the Fermat hypersurface S 

X^ + ... + X^ = (5.1) 

in P". For d = n + 1, this is a Calabi-Yau variety. These two limiting points are also called 
the Landau- Ginzburg and geometric phase respectively, although they are not separated 
by a sharp phase transition. In the previous sections we have discussed the construction 
of D-branes in the Landau- Ginzburg phase from an algebraic point of view. We have 
recovered the expected rational boundary states and also obtained new branes which do 
not seem to have a boundary state realization. On the other hand, D-branes also have 
a fairly explicit description in the geometric phase, where they should be thought of as 
complexes of coherent sheaves, or more precisely, objects in the bounded derived category 
D^(S) P7|J2^ ,^. Moreover, it is known that the Landau-Ginzburg fractional branes can be 
analytically continued as BPS states to the large radius limit point, and reinterpreted as 

n+l 

holomorphic bundles on S. In particular, the fractional branes M correspond to the one 



term complexes 0^(^)[/i] = 0, . . . , d—1 [1TT| , |2^ . Here denotes the bundle of holomorhic 



/i-forms on the ambient projective space, and fi'^(^) = ® 0{iJ,). The notation 
means that O'^du) should be thought of as a one term complex concentrated in degree 
0, and [fj] denotes the shift functor of D^{S). Therefore 0^(//)[(u] represents a one term 
complex concentrated in degree — /i. Note that all these bundles are restricted to S from 
the ambient projective space. For simplicity, we will denote these objects by O^. 

In the following we would like to address a similar question for the new fractional 
branes A^^^^ constructed in the previous section. For concreteness, we will consider the 
orbit m = for n = 4, although similar methods can be applied to any values of m, n. 
The large radius hypersurface S is the Fermat quintic in P*. 
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5.1. Intersection Numbers and Topological Charges 

The objects A^i^^ correspond by analytic continuation to certain objects JF^ in the 
derived category D^{S). Our goal is to identify these objects using the algebraic structure 
developed so far at the Landau- Ginzburg point. A first useful observation is that marginal 
closed string perturbations preserve D-brane intersection numbers. This data suffices to 
determine the topological invariants of the objects JF^. Then we will determine the actual 
objects (up to isomorphism) using the Landau-Ginzburg category structure. 

In the geometric phase, the intersection number between two D-branes represented by 
objects and J-'' in the derived category is given by the alternating sum 

X(-F,^') = 5^(-l)^dim(Hom^.(5)(^,rM)). (5.2) 

If JF is a one term complex consisting of a locally free sheaf F in degree 0, we have 

x(^M,r) = (-l)'^ / ch(F^)ch(r)Td(^), (5.3) 
where is the dual of F and Td(5') denotes the Todd class of 5". Equation ( [4.12|) predicts 

X(0^,^^0 = -[(I-G)^]^,^,- (5.4) 

This yields a system of equations in the Chern characters of the unknown objects JF^, 
which determines them uniquely. Of course, this is not enough data for identifying JF^ as 
objects in the derived category. We will later show how to determine the objects up to 
isomorphisms exploiting the algebraic structure. 

The even cohomology of the quintic hypersurface S is generated by (1, H, Z, w) where 
H is the class of a hyperplane section, / is the class of a rational curve on S, and w is the 
class of a point. The intersection ring is determined by the following relations 

H^ = 5l, Hl = l, H^ = 5w. (5.5) 

A straightforward computation based on ( |5.3| ) and ( p.4| ) yields the following Chern char- 
acters 

cho chi ch2 
J^o 1 
J'l —3 H 
T2 3 -2H 

-1 a -\i 





cha 



-> 
— \w 

6 

— W 



(5.6) 
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A first check of this result is the integrahty of the associated Chern classes: an easy 
computation gives 

Co Ci C2 C3 

J'o 1 -2w 

J^i[l] 3 -H 51 -3w , . 

T2 3 -2H m -2w ' ^ ' 



J'afl] 1 -if 2w 
-2w 



which are indeed integral. 



In principle, we would like to identify the objects JF^ in D (S). Note that the Chern 
character of JF4 is equal to the Chern character of a skyscraper sheaf of length 1 supported 
at a point P on 5" and also shifted by an odd integer. Since the shift functor is an 
automorphism of D^{S) we can choose this shift to be —1 without loss of generality. This 
strongly suggests that JF4 is a anti-DO-brane on the quintic. For the moment, we will 
conjecture that to be true. 

If that is the case, JF^, fi = 0, ... ,4 must form the orbit of the anti-DO-brane un- 
der monodromy transformations about the Landau- Ginzburg point. We will first test 
this conjecture by computing the Chern characters of the derived objects generated 
by Op[— 1] under 2/5 monodromy transformations. We will show below that this re- 
produces the table ( ^.6|) , which is strong evidence for our conjecture. Then in the 
next subsection we will show that JF4 is indeed a anti-DO-brane supported at the point 
P = {Xq — rjXi = X2 = X^ = X4 = 0} on the quintic using algebraic techniques. An in- 
teresting question is if one can give a physical proof of this conjecture based on RG fiow 
in linear sigma models with boundary using the results of ||3^,^,^j2^ . 



5.2. Landau- Ginzburg Monodromy 

The monodromy about the Landau-Ginzburg point is generated by an autoequivalence 
of the derived category D{S) which can be described as a Fourier- Mukai functor with 
kernel [|9|,|gj2g 



)Clg = Cone (L7r*0 ®^ L7r*0(l) — > 0a ®^ L7r*0(l)) . (5.8) 

The notation is standard. For any coherent sheaf F, we denote by F the one term complex 
determined by F in degree zero. The maps ni^2 '■ S x S — >S are canonical projections, 
and 0{1) is the line bundle on S obtained by restricting the hyperplane line bundle on 
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P''. Ca is the structure sheaf of the diagonal A C 5" x S". For any object T in D{S), the 
monodromy action is given by 



Mlg(^) = R7r2. {Ln*T 0^ JClg) ■ (5.9) 

Our goal is to compute the monodromy orbit of (9p[l], where Op is the structure sheaf of 
a point P on the quintic. The monodromy action (|5.9|) admits an alternative description 
as a twist functor |^J|]. For any object JF of D{S), consider the complex 

hom{0, J^(l)) ® C = Homoi>(s) (C, [k]) 0[-k] = 0[-k]®^^ (5.10) 

fcez fcez 

where bk = dim (Hom£)b(-5) (O, JF(1) [/c])). Employing the techniques of [|5^ (see Lemma 
3.2 and also f^), one can show that the Fourier- Mukai functor is isomorphic to the 

twist functor 

J" — ^Cone (hom{0, ^(1)) ® O^^(l)) (5.11) 

where ev is the evaluation map. Using this result, and the Riemann-Roch formula, we can 
easily compute 

ch (MLoim = ch(^(l)) - $^(-l)'6fc 

'"'^^ (5.12) 

= ch(J^(l))- [ ch(J^(l))Td(5) . 
Js 

Now we can check by straightforward computations that 

ch(M^G(^[-l])) = ch(^^+4) , (5.13) 

as promised above. In order to complete the picture, we will show below that JF4 is in fact 
isomorphic to the anti-DO-brane Op[— 1] using the category structure at the LG point. 

5.3. The DO-brane at The Landau- Ginzburg Point 

The main idea is very simple. Let j : S — denote the embedding of S into the 
projective space. Given a derived object on S, the pushforward Rj*JF is obtained by 
extending the terms and the maps of JF by zero to P^. Therefore, in order to determine 
JF, it suffices to determine Rj*JF in L>^(P^). This is a much simpler problem since D^(P^) 
admits a pure algebraic description via Beilinson correspondence . We will review some 
aspects below following 0. 
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According to Beilinson's theorem, D^(JP^) is generated by the exceptional coUection 
fi = 0, ...,4. This imphes that there is an equivalence of categories between 
£^bj^p4^ and the derived category of ,4-modules, L>^(mod — A), where A is the endomor- 
phism algebra 

^ = End(E), E = ®l^Qn^{fi). (5.14) 

It is a standard result that A is the path algebra of a finite ordered quiver with relations. 
For any projective space P(y^), with V a complex vector space, we have 

Hor^m,), n^(.)) ^ { ^;-'(^)- 2Lle . ("5) 

The algebra structure of A is determined by exterior multiplication. 

nO(o) 




Fig. 4: The endomorphism algebra of £^ as a quiver algebra. 



We can give a more geometric description of this algebra as follows. Note that we can 
identify the morphism spaces Hom(0^(/x), 0^~^(/x — 1)) to i7°(T(— 1)), where T is the 
holomorphic tangent bundle to P^. Any section v G H^{T{—1)) determines a global 
morphism ^'^{fj.) — >Q'^~^{p — 1) using the canonical pairing 

n'^(^)®T(-l) — >n^'-\ii-l). (5.16) 

One can check using the Euler exact sequence 

— >0{-l) — yO®^ — >T{-1) — .0 (5.17) 
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that H°{T{-1)) ~ C^ hence we obtain all morphisms this way. Moreover, a basis of unit 
vectors in H^{0®^) ~ determines a basis of ff°(T(-l)). We will fix such a basis {va}, 
a = 0, ... 4 from now on. This gives rise to a basis Va(A*) A* ~ 1) the space of morphisms 
Hom(f2'^(/i), Q^^~^{iJ, — 1)) which is a system of generators of A. 

The equivalence of categories mentioned above associates to an object the complex 

RHom(^, J^) = Hom(^, J^[k] ) [-k] (5.18) 

of right ^-modules with trivial differential. In particular this means that any object J-' is 

uniquely determined (up to isomorphism) by the complex RHom(£^, JF). 

Our goal is to make use of this correspondence in order to find the derived object JF4 

associated to the Landau- Ginzburg D-brane ^4*^"*. We will proceed in two steps. 

5 

i) We know that the fractional branes M ^ correspond under closed string marginal 
deformations to Q^{p)[fi]. On general grounds, these deformations should preserve the 
category structure, hence we expect the endomorphism algebra 

4 

A = End« (E), E^^mI [-/i] (5.19) 

to be isomorphic to A. As a first step, we will construct an explicit isomorphism (p : A — >A. 

ii) At the next stage, we will determine the ^-module structure of the morphism space 

BHom(E,Af'^)= ^ H''(E,A^^^) (5.20) 

fe=0,l 

and compare it to the .4-module structure of RHom(^, Op4 p[l]), where P is the point 
P = {Xo - r]Xi = X2 = X3 = X4 = 0} on P^. Op^^p is the structure sheaf of P 
on which is the pushforward of the structure sheaf Os,p of P on the quintic. More 
precisely, we will show that both complexes RHom(£', ^4 ) and RHom(^, Op4 p[l]) are 
concentrated in degree zero, and there is a linear isomorphism 

^ : RHom(E, ^4°^) — >RHom(E, Op4^p[l]) (5.21) 

so that 'ip{at) = 4>{a)'4i{t) for any a eA, t e 'RB.om.{E,A^^''). However, RHom(E, ^44°^) is 
isomorphic to the morphism complex RHom(L_7*^, .F4) since the category structure must 
be preserved by closed string deformations. Furthermore, by adjunction, we have 

RHom(Lj*^, T^) ~ RHom(^, Ylj^T^) . (5.22) 

It then follows from Beilinson's correspondence that Rj*.F4 is isomorphic to Op4 p[l], and 
we can conclude that is isomorphic to 05^p[l]. 
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5.4- Endomorphism Algebra 



In order to construct the isomorphism (p : A — >A let us first consider morphisms be- 
tween fractional branes in some detail. These morphisms can be writen as tensor products 
of one variable morphisms using the iterative algorithm developed in section 3.5, equations 

(Pl)-O. 

5 5 

First consider morphisms between adjacent pairs ,M^_i. Applying the rules of 
section 3.5 and the results of section 3.2, we find that there are no bosonic nor fermionic 
morphisms between M^_]^,M^, and 

^"(^M'^^l)=0, H\mI,mI_,)c^(C\ ^ = 1,...,5. (5.23) 

5 

An explicit basis Ta(n, n — 1), a = 0, ...,4 of fermionic morphisms between and 

5 

M can be obtained by tensoring a one variable fermionic morphism associated to the 
superpotential Wa{Xa) = by four bosonic morphisms associated to the remaining 
variables. The later are all proportional to the identity. The result is most conveniently 
expressed in terms of free fermion operators as shown in section 2, equation 2.8: 

Ta{^,^-1) = (-Xf 7r„ + 7r„),...,a = 0,...,4. (5.24) 

Note that this expression is in fact independent of /i by 2/5 cyclic symmetry. However we 
have to use the notation Ta{fJ,, fx — 1) because different values of fx correspond to distinct 
generators of A. 

The other morphism spaces H^{M^, Mj^) can be similarly determined by taking tensor 
products of more one variable fermionic morphisms. Each such morphism contributes —1 
to the orbifold charge. Therefore, by imposing equivariance, one finds that a morphism 
between objects with 2^ weights (/U, u) must contain fi — u factors. A straightforward 

5 5 

analysis shows that there are no bosonic nor fermionic morphisms between and M^^ 
if fi < u. U fi> u we have H''-''+^(mI,mI) = 0, and H^'-'' (M^^.mI) is generated by 
products of the form Ta^_^ {y + l,i>) . . . Ta^ {fx, fx — 1). For concreteness we represent below 

5 

the morphism spaces from to all other fractional branes in the orbit. 
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TaTbT^Td 




Fig. 5: Morphisms from M4 to the other fractional branes in the orbit. 



Note that the resulting morphisms are bosonic for even number of factors and fermionic 
for odd number of factors. Morphisms constructed this way are not aU independent. Using 



the canonical anticommutation relations (|2.5|) it follows that the Ta satisfy the algebra 



Ta{^Ji, - l)Tb{n -l,ij-2)+ niij, fi-l)Ta{ti-l,n-2) =0. (5.25) 

In particular, Ta(/x, /i — l)Ta(/x — 1, /i — 2) =0. These are of course cohomology relations; 
at cochain level the right hand side is an exact cochain in the complex (|2.11| ). Then it 
follows that the number of independent morphisms between any pair of objects equals the 
number of antisymmetric combinations of products of Ta{iJ., /U — 1). Therefore, we have 

H^-^CmI, mI) - A'^-"(t/(^)), for n>iy, (5.26) 

where U^^^ is the five dimensional complex vector space spanned by {T^}, a = 0, . . . , 4 . 

It is worth noting that this construction can be applied without essential changes to 
more general situations. For example, suppose we want to determine the morphism spaces 
between fractional branes associated to a (n + l)-variable superpotential of degree d, where 
n and d are arbitrary. One finds a very similar structure, that is iif^~'^(M^^^, M^^^) ^ 
|U > z^, where is a (n + l)-dimensional complex vector space 

spanned by {Ta}, a = 0, ...,n + 1. If fx < the morphism spaces are empty. The 
generators are given again by products of fermionic operators Ta(/i, — 1), a = 0, . . . , n , 
/x = 0,...,(i— 1. The formula (|5.24|) becomes 

Ta{lX,lX-l) = -X^-\a + 7ra, (5.27) 
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except that now we have to pick a different representation of the CUfford algebra. The 
relations ( p.25[ ) remain unchanged. We will find this remark very useful in the next sub- 
section. 

Let us now define the object 

E = ^E, (5.28) 

where -E^ = for = 0, 1, 2 and E^^ = M^[l] for /i = 1, 3. From the definition of the 
shifted object ( |2.13|) , we derive the following rules: for each even (odd) morphism $ from 
P to Q, there is an odd (even) morphism $ ■ J from the shifted object P[l] to Q and an 
odd (even) morphism J ■ $ from P to Q[l]. Here, J is an odd operator such that = 1. 
In a matrix representation where bosonic operators are diagonal blocks and fermionic ones 
are off diagonal, J has the form 

' I 



Therefore, using (|5.26|) , we find 



End{E^,E,)c^^ otherwise. ^^"^^^ 



Ml 

Ti ■ T,- • Ti. ■ T; / \ T, ■ J 

M4- — — m\[i] 

^ X , \ ' 

\ I ' 

\ V ^\ I 

\ I ^ ^ ^ ^ ' 

\ / V \ / 

\ / \ I 

\ / y \ j. 

M,[IY -M2 



Fig. 6: Endomorphisms of the object E 



The algebra of bosonic endomorphisms of E is determined by the basic relations ( ^.25|) and 
the additional relation = 1. One finds that A is generated by the elements Ta{n, ^ — 
1) ■ J and the algebra structure is given by exterior multiplication. A concrete example is 
represented in fig. 6. 
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In conclusion, A is indeed isomorphic to the geometric quiver algebra A and an explicit 
isomorphic (j) '■ — is given by 

(j){Ta{lI,fI-l)J)=Va{fJ.,l^-l). (5.30) 

5.5. Module Structure 

The next step is to determine the ^-module structure of RHom(£', A^) and construct 
the isomorphism (|5.21 ). We first have to determine RHom(i?, as a vector space. The 
morphims from to A^, can be constructed again by taking tensor products as in the 
previous subsection. Recall that ^''0);^ is obtained by tensoring a rank one factorization 
P4 of the two variable superpotential Wo2{Xo, Xi) = Xq +Xf coresponding to some fixed 
?7, = — 1 by / = 1 factorizations of the remaining one variable superpotentials, i.e. = 
(^P (8> j . The fractional branes can be accordingly writen as tensor products of the 

form (^M^ M'^j corresponding to the variables (Xq, Xi) and respectively (X2, X3, X4). 



Using the methods of section 3.5 (see the paragraph between ( |3.33D and ( |3.34[ ),) we can 

5 

easily show that the morphism spaces between M ^ and A^^ are given by 

4 

H\mIX)= H\Ml„Po)®H\Ml„Ml)S,.+^,_(^,_^y (5.31) 
i,j=o,i fi'y=o 

i+j=k{2) 

The morphism spaces between and Pj, have been determined in section 4.1, equation 
( [l.Tp . Up to multiplication by a nonzero complex number, we have one bosonic morphism 
f^^jj if = — 2 (5) and one fermionic morphism ,^ if = |U — 1 (5). The morphism 
spaces between the three variable fractional branes can be determined by setting n = 2 in 



the discussion above equation ( p.27|) . We have H^^~''{M M^) ~ A^-''(t/(^)) if > and 



zero otherwise. Collecting these results, and taking into account the shifts by one, we find 
H\E^,Af) ^ 0, H\E^,Af) ^ A^(C/(4)) , (5.32) 
where U^^^ is the four dimensional complex vector space spanned by (/oi ® 11)J and 

(t04®T2)J, {to4®Ts)J, (to4®T4)J. 

The A-module structure is determined by composition with the morphisms Ta(fJ,, /i — 1) J 
between fractional branes, which generate A. Let us consider for example multiplication 
by H^{Ei, Eq) as represented below. 
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Fig. 7: Module structure of RHom(!E,Ai°^): multiplication by i^°(!Ei,!Eo). 



{m\m^)i[1\ 



T,(1,0)J, a = 



(io4®T2(l,0)) J 

(t04® 73(1,0)) J ^ (/oi 01) J 
(to4®T4(l,0)) J 



io4 <8) I 



(Prj M )4 



Fig. 8: Morphism generators. 



We have established that H^{Eo,A)^ ) ~ C and H^{Ei,Al ) ~ U'^^\ Next, our goal is 

to determine the composition laws of the morphisms in the above diagram. To this end, 

we have to write down the generators of all morphism spaces in terms of tensor products 

of elementary morphisms as in the previous subsection. Making the product structure 

explicit, we obtain the diagram represented in fig. 8. 

To explain the notation, recall that and t^^i, are bosonic and respectively fermionic 

morphisms between two variable objects as explained in the paragraph above equation 

( p.32| ). On the horizontal arrow, Ta(l,0)J are the generators constructed in the previous 

subsection. On the left arrow, T2, 3, 4(1,0) denote similar fermionic morphisms between 

3 3 

three variable objects , Mq introduced in the paragraph above ( ^.28| ) . We have used 
the same notation in order to avoid unnecessary indices. The distinction should be clear 
from the context. In the next paragraph we will use the same conventions for Ti^2(l, 0) , 
regarded as fermionic morphisms between two variable fractional branes. 
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Since the tensor product is compatible with composition of morphism, we have the 
foUowing straightforward composition laws 



(to4 ® /)(Ta(l, 0) J) = (to4 ® T,(l, 0)) J, a = 2, 3, 4. (5.33) 

In order to complete the picture, we have to determine the remaining products corre- 
sponding to a = 0, 1. Note that in this case, the fermionic morphisms Ta(l, 0), a = 0, 1 are 
obtained by tensoring two variable fermionic morphisms Ta(l,0) by bosonic morphisms 
in the remaining three variables, which are proportional with the identity. Since all mor- 
phisms involved in this computation are proportional to the identity in the last three 
variables, we are effectively left with a two variable problem. More precisely, it suffices 
to determine the products to4Ta{l,0)J, a = 0, 1 for two variable morphisms. This can be 
done by the explicit computation presented in appendix B. We find the relations 

to4(Ti(l,0)J) = /oiJ, to4((?7To(l,0) + Ti(l,0))J) = 0. (5.34) 

The multiplication table by the remaining generators Ta{n, n — 1) of ^ can be de- 
termined similarly, using the relations (|5.25|) among the fermionic generators and the 



equations ( p.34|) . We will not present all the details here because they are quite tedious. It 
suffices to note that the linear combination {r]To{fi, /i— l)-f-Ti(/i, fi — l))J always annihilates 

{r]To{^,^-l)+Ti{^,^i-l))J-H\E^.i,A^^^)=0 (5.35) 

for /I — 0, ... ,4 . Moreover, one can check that 

H^(E^,E^_^)/{irjToi^, ^ _ 1) + Ti(^, ^ - 1)) J) ~ f/^^) (5.36) 

acts on H^{E^-i, A^^"^) ~ A^~^(U^^^) by exterior multiplication. More precisely, the 
pairing 

H''(E^,E^.i)/{{r^To{fi,fi~l)+Ti{^,^-l))J)®H\E^.i,Af'^^ (5.37) 
is isomorphic to the pairing 

t/(4) ^A'^-i(C/(^))— ^A^(C/(^)). (5.38) 

This completes the description of RHom(i?, A^^^) as an ^-module. 
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In order to complete the picture, we have to construct the hnear map ( 5.21 ) and 
prove the compatibihty with the module structures. To this end we need a more detailed 
description of the ^-module structure of RHom(£^, Cp4 p[— 1]). 

According to the defining equation ( |5.18| ) , the terms in this complex are derived mor- 
phism spaces of the form Hom(^, Cp4 p[A; - 1]) ~ Ext''"^(^, Cp4^p). Since E is locally 
free, the only nonzero term is 

Ext°(^, Cp4^p) ~ E). , (5.39) 
where E'p is the fiber of the dual bundle at P. We have 

5 5 

E^P = 0(A'^T)(-^)p = A'^(T(-l)p), (5.40) 

hence 

5 

RHom(E, 0p4^p [-l]) ^ AM(T(-l)p)[-l]. (5.41) 

In order to determine the ^-module structure of this vector space, it suffices to de- 
termine the multiplication table by the generators fa(/U,/U — 1) G H^{T{—1)) introduced 
below ( |5.17| ). These are twisted global holomorphic vector fields on associated to the 
unit vectors in H^{P'^, — C^, as explained there. Let v = Ylt=o PaVailJ'i /U — 1) be an 
arbitrary linear combination of the generators. Let P G be a point defined by inter- 
secting four hyperplanes given by the homogeneous linear polynomials Li, . . . , L4, that is 
P = {Li = . . . = L4 = 0}. 

Since T(— 1) is a rank four bundle, a generic section v as above is expected to vanish 
along a collection of points in P^. From the Euler sequence it follows that the section v 
vanishes at P if and only if the point {po, . . . , ^4) G lies on the line through the origin 
defined by P. Therefore v has a zero at P if and only if 

Li(po, . . . , /04) = ■ ■ ■ = ^4(po, . . . , P4) = . (5.42) 

This shows that any section v vanishes precisely at one point P„ G P^ determined by the 
equations ( |5.42| ) . Conversely, for any P there is a unique section f p , up to multiplication 
by a nonzero constant, such that vp{P) = . In our case P = {Xq — r]Xi = X2 = X^ = 
^4 = 0}, hence vp = tjvq + vi . 



35 



Now we can easily determine the ^-module structure of (|5.41| ). For each pair (^u, fx — I) 
there is a unique (up to scale) morphism vp{fj,, n — 1) G Hom(n'^(//), — 1)) ~ 

H^{T{-1)) which annihilates {A^'-^T){-{^ - l))p. Using the Euler sequence, it follows 
that the quotient Hom(0'^(/x), — 1))/ {vp{n, /i — 1)) is isomorphic to T(— 1) p. There- 

fore the composition of morphisms determines a well defined pairing 

T(-l)p ® A'^-i(T(-l)p)^A^(T(-l)p) (5.43) 

which is dual to the canonical pairing ( |5.16|) 

0^(/i) ® T(-l)— .n^-i(// - 1) 

restricted to P. Therefore the pairing ( ^.431) is defined by exterior multiplication. This 
completes the description of the ^-module structure of ( p.41| ). 

Now we can collect all loose ends and complete the identification between Landau- 
Ginzburg and geometric data. In the Landau- Ginzburg category we found 

4 

RHom(E, Zi"^) ~ A'^(t/(4))[-l] , (5.44) 

where t/'-'^-' is a fixed four dimensional complex vector space isomorphic to 

H\E^, E^_^)/{{r^To{^i, // - 1) Ti(//, - 1)) J) 

for any |U = 0, . . . 4. The A-module structure is determined by exterior multiplication as 
shown in equations ( [5.37| )-( p738| ). This is the same structure as in the geometric situation. 
More precisely, the map (j) in (|5.3C1| ) induces an isomorphism of vector spaces 

^ : if°(E^,E^_i)/((77To(//,//-l)+Ti(/x,/.-l))J) ^ H\T{-l))/{7^VQ+v^) ^ T(-l)p. 

(5.45) 

This can be extended by exterior multiplication and direct sums to a linear isomorphism 

4 5 

^ : A^([/W)[-1]^0 A'^(T(-l)p)[-l] (5.46) 

11=0 At=0 

which is clearly compatible with the module structures. 
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6. Composite Objects and Deformations 

In this section we discuss several applications of our construction to deformations of 
D-branes at the Landau-Ginzburg point. This is not meant to be a complete and rigorous 
treatment of moduli problems in the Landau-Ginzburg category. We will outline some 
preliminary results in two examples in order to illustrate the main ideas. We leave a more 
detailed approach for future work. 

6.1. Composites of Fractional Branes 



The first problem we would like to address here was formulated in |2^. As explained 
in the above section, we have five bosonic morphisms between two consecutive shifted 
fractional branes E^, E^-i. Then we can form composite objects by taking cones over 
these morphisms in the Landau-Ginzburg category. One of the main questions considered 
in [23] was counting the number of deformations of such composite objects, and finding 
equivalence relations between them. These questions may be quite difficult in the boundary 
state or the quiver gauge theory approach. Here we will address this issue from the algebraic 
point of view adopted in this paper. 

As a concrete example, we will consider two different composite objects which were 



conjectured to be isomorphic branes in [g3[. Using the quiver gauge theory approach, one 
can prove that these objects have the same moduli space, but not that they are indeed 
isomorphic. We will apply our formalism in order to prove this conjecture by constructing 
an explicit isomorphism between them. 

/_ Ta{l,0)J _ \ 

The first object is the cone Cio = Cone Ei > Eq ]. In order to construct 



the second object, we have to take two successive cones. We first take the cone C32 = 

/_ T,(3,2)J _ \ 

Cone I Es > E2 1 . Then we have an exact triangle 

_ T,(3,2)J _ 

Es > E2 —^Cs2 (6.1) 

which yields the following long exact sequence of morphism groups 



Ta(3,2)J 

>H (E'4, E2) — >H~^{E4, C32) — ^H^{E/^, E3) > H^{E4^, E2] 

>H^{E4, C32) — >H^{E4, Es) — > ■ ■ ■ 



(6.2) 



Since there are no fermionic morphisms between any pair (i?^, E^), this sequence reduces 
to 

0^g"H^4,C32)^g°(^4,^3) '^"^"''^'^ > g"(:g4,^2)^g°(^4,C32)^0 (6.3) 
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where the middle map is induced by multiplication by Ta(3, 2) J. Using the algebra struc- 
ture of A determined above, it follows that Ker(Ta(3, 2) J) is one dimensional and is 
generated by Ta(4, 3)J. Therefore we conclude that the space of fermionic morphisms 
if~^(-E4, C32) — -ff'^(i?4[l], C32) is one dimensional. Let k denote a generator. Now con- 
sider the cone C432 = Cone ^i?4[l]-^C32 j . The conjecture of is that Cio and C432[l] 



must be isomorphic in the D-brane category. This is required for agreement with geometric 
considerations in the large radius limit. 

Here we will show that this is true by constructing a morphism 7 : Cio — >C432[1] such 
that Cone ^Ciq— ^6*432 is the trivial object in the Landau- Ginzburg orbifold category. 

A very useful observation is that cones commute with the tensor product defined in 
section 3.4. More precisely, suppose we have two pairs of objects (P, P ) and {Q, Q ) 
corresponding to two superpotentials VFi, W2 as in that section. Suppose we are given two 
bosonic morphisms 7 : P — >P and 6 : Q — >Q . By taking the tensor product we obtain 
a bosonic morphism 7 ® 5 : -P ® Q — ^ P ® Q ■ We claim that 

Cone {t®Q ' P' ® Q'^ - Cone (P^Q^ ® Cone (q^Q'^ . (6.4) 

The proof of this statement is a straightforward check using the definitions. We will not 
spell out the details here. 

Now recall that the fractional branes -E^ are obtained by taking tensor products 
of one variable factorizations, and the morphisms Ta(/U, /U — 1) are similarly obtained by 
taking tensor products by the identity. Using equation (|6.4|) , we can reduce the conjecture 
formulated above to a statement concerning one variable factorizations, which is much 
easier to prove. In the following we denote by M;^^, / = 1, . . . , 4, /i = 0, . . . , 4 the rank one 
factorizations constructed in section 3.2 for the superpotential Wa{Xa) = X^. With abuse 
of notation, we will use the same notation as above for cones in the orbifold category of 

The structure of exact triangles in a one variable category in the absence of an orbifold 



action has been determined in ||5^ . In particular one can show that there are distinguished 
triangles of the form 

Mi^Mk-^Mk_i (6.5) 

where cpik : Mi — >Mk is given by {(pik)! = x^~^ , {4>ik)o = 1- If A; < /, Mk-i is defined to 
be Mi_jt[l]. In the presence of an orbifold projection, the equivariant version of (|6.5|) is 



(6.6) 
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where the labels /U, z^, . . . G {0, 1, . . . , 4} are defined mod 5. Moreover, we have the identi- 
fications M/^^[l] ~ M_; explained in section 3.2. 

Now let us repeat the above cone construction in the one variable theory. We define 
Cio = Cone(Mi,i[l] ^Mi,o J. From (U) it follows that Cio ~ Ma.o- Next 

/ Ta{3,2) \ 

we construct C32 = Cone I Mi^3[l] >Mi^2 1 which is isomorphic to M2,2 by the 

same argument. Finally we take a second cone C432 = Cone ^Mi^4[l]— ^C32 j . Using ( |6?^ ) 
again, we find C432 — M3 2, hence C432[l] — M_3 q. To conclude, note that we have an 
exact triangle 

M2,o-^M_3,o-^M-5,o (6.7) 

where M_5 is the trivial object. Therefore we have indeed Cio — C'432[l]. The same 
conclusion is valid for the five variable fractional branes by taking tensor products and 
using (|6.4|). 



6.2. DO-brane moduli 

The second problem considered in this section is finding the moduli space of the object 
^4'^'' which has been identified with a (anti) DO-brane on the quintic. Ideally one should be 
able to prove that this moduli space is isomorphic to the Fermat quinticB We will not give 
a rigorous proof here since moduli problems in abstract categories are complicated and not 
very well understood at this point. However we will take a first step in this direction by 
exhibiting a family of deformations of A^^^ parameterized by the Fermat quintic. Although 
we cannot prove that this is the full moduli space in the D-brane category, this is certainly 
an important step forward. 

Let us consider a point P on the Fermat quintic determined by the linear homogeneous 
equations Li = L2 = L3 = L4 = 0. According to Hilbert's NuUstellensatz, the condition 
that P lie on the quintic W = is that belongs to the ideal / = (Li, L2, L3, L4) C 
C[Xo, . . . , X4] for some q > 0. Since / is a prime ideal, it follows that W belongs to /, 
hence there exist four polynomials Fi , . . . , F4 so that 

LiFi + L2F2 + L3F3 + L4F4 = W. (6.8) 



^ In order to give a rigorous construction of the moduli space, one has to first specify a sta- 
bility condition. In principle the moduh space may be different for different stability conditions. 
Therefore a more precise statement would be that the moduli space should be isomoprhic to the 
Fermat quintic in the presence of a suitable stability condition. We will not try to make this 
explicit here, although it is a very interesting subject for future work. 
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Given this relation, we can find a factorization of W of the form 



D = Y^iLaTTa + FaTTa) (6.9) 



0=1 



where (7ra,7ra) are free fermion operators generating a complex Clifford algebra. This was 
explained in section 2, equations ( p^ ) and (p.6|). A special case of this construction is 



Li — ^0 ^ V^i: ^2 — X2, — Xs, — X4 

X5 + x5 (6.10) 



U ' i 771 v4 I? V* TP V 

1 — T^i ^2—^2^ -^3— -^3' -^4 — -^4 



which corresponds to the object ^4*^'' studied in detail before. Choosing 2/5 represen- 
tations appropriately, ( |0| ) yields a family of deformations of ^4*^"*. We claim that the 
isomorphism classes of objects in this family are parameterized by points on the Fermat 
quintic. This is by no means obvious since a priori (|6.9| ) depends on the choice of a set of 
generators for the ideal /. 

In order to prove this claim, we have to rely on the results of Suppose we are 
given a Landau- Ginzburg superpotential W : C"^"*"^ — >C with an isolated critical point at 
the origin. Let 5*0 denote the fiber of W over G C. Then the main statement of 
is that the D-brane category Cw is equivalent to the so-called category of the singularity 
DsgiSo). Dsg{So) is constructed by taking the quotient of the bounded derived category 
D^{So) by the full subcategory of perfect complexes. A perfect complex is a finite complex 
of locally free sheaves. If 5*0 were nonsingular, the quotient would be empty, since in that 
case any object in D^{So) would have a locally free resolution. Therefore Dsg{So) depends 
only on the singular points of 5*0. The equivalence functor Cw — ^Dsg{So) associates to 

an object Pi ^ ^ Pq 1 the one term complex defined by the cokernel of pi regarded 

\ PO J 

coherent C[Xo, . . . , X„]/VF-module. 

A consequence of this result is that the isomorphism class of an object P is uniquely 
determined by the isomorphism class of the coherent C[Xo, . . . , X„]/l^-module Coker(pi) 
modulo extensions by free C[Xo, . . . , Xn]/W -modules. Using this result, it suffices to show 
that the cokernels Coker(pi) associated to the factorizations (|6.9| ) are parameterized by 
points on the Fermat quintic. 

Let Q denote the cokernel associated to an arbitrary factorization ( p.9| ) and let R = 
C[Xo, . . . , X4]. We claim that Q is isomorphic to the i?/VF-module R/I in Dsg{So). 
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Therefore the deformations ( |6.9|) are parameterized up to isomorphisms by points on the 
Fermat quintic, as claimed above. Note that R/I has an i2/l^-module structure because 
W & I, according to (|6.8|) . 

To determine Q, let us write down an explicit expression for the map pi associated 
to the factorization (|6.9D. Choosing an appropriate representation of the Clifford algebra, 
(or taking tensor products) we obtain 



Pi 



[^4 
















L2 


Fi 1 
















Ls 


Li 


-F2 








F^ 





F2 


Fi 


-Fs 














F^ 


Li 


-L2 





-Fs 







L2 


Fi 


-L^ 
















Li 


-F2 





-L4 










Fi 













-L^ 







-L2 





-Ls 














(6.11) 



be an arbitrary element of R®^. We want to determine the 

tr 



LetU=[Ui U2 .. 

quotient module Q = R®^ /{pi{R®^)). Let G = [Gi G2 ... Gg]" denote an arbitrary 
element in R®^. We have G ~ if and only if G = piU for some U. In particular this 
yields the relation 

Gs = LiUi - L2U2 - LsU^ - L4US (6.12) 

which shows that the projection to the eighth factor induces a surjective R/W-module 
homomorphism 

Q — >R/I — ^0. (6.13) 

The kernel of this map is an R/W-module K isomorphic to the quotient i2®^/(pi(M)). 
Here M C R®^ is the submodule of R®^ which leaves Gs invariant. One can easily check 
that U & M can be parameterized as follows 

Ui = V12L2 + VisLs + ViiL^ 
U2 = V12L1 + V2sLs + V24L4 
C/4 = VisLi — V23L2 + V44L4 
Us = V14L1 — V24L2 — V44L3 



(6.14) 



where V12, V13, . . . V44 are arbitrary polynomials and Us, t/5, Uq, Uj are also arbitrary. Eval- 
uating pi on elements U of this form yields 



PiU=[VjL2 + V,Ls V^Li+VeLs 
VSL2-V5L4 VsLi-V^L4 



F4Vs-FsVt + F2V^ + F^V^ V,Li-VeL2 
-VSLS-V7L4 OY'^modW 



(6.15) 
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where 

V3 = Us ~ -F1V23 — F2V1S + -F3V12 
V5 = U5- F,Vm - FsVi4 + F^Vis 
Ve = t/e + F2VM - FsV24 + F4V23 
Vj = U7- F1V24 - F2V14 + F^Vi2 . 
This shows that there is an exact sequence of R/W-iaodnles of the form 



(6.16) 



{R/W)®^^{R/W)®^ -^K~^Q (6.17) 



tr 



where / is defined by ( |6.15|) . The kernel of / consists of elements 1^ = [ V3 V5 Vq V7 
of the form 

Vs^L^V, V5 = L2V, Ve = LiV, Vj = -L^V, (6.18) 

where V is an arbitrary polynomial. Therefore Ker(/) is isomorphic to R/W, and we 
conclude that K has a finite free resolution 

O^R/W^{R/W)®^^{R/W)®^~^K—^0 (6.19) 

as an i?/VF-module. This shows that K is isomorphic to the trivial element in Dsg{So), 
hence Q is indeed isomorphic to R/I as claimed above. 



Appendix A. Morphism Spaces: Matrix to Polynomial Factorizations 

2 

In this section, we study the space of morhisms between the fractional branes M and 
the rank one objects Prj in Cw with W = Xq + Xf. 

For the bosonic morphisms, the conditions for Q-closedness takes the form 



(/oi ^0 + /02 ^1 -') - (^0 - vXi)fii = 
(/oi Xi - fo2 Xt') - {Xo - vXi)h2 = . 

The Q-exactness condition for /02 

/02 ~ if /02 = {tiiXi - ti2 Xo) + to2 (Xo - vXi] 
allows one to set /02 = 1- Substituting this into ( |A.1| ) gives 



(A.l) 



yd I yd 

[/ll,/l2j- V ^1 ^ 7^ 
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and [/oi,/o2]= [v''-'X'^-\l] 



j^d— 1 X^~^ 



Ml (g) Mo © Mo Ml ^ 



/i — [/ii) /: 




Mo ® Ml Ml 



/o — [foi ) /02] 



Fig. 9: The morphism complex for matrix to polynomial factorizations. 



A similar computation for the fermionic morphisms gives 



[^01,^02] — 



-?7 



Xo - r/Xi 



1 



and [til , ti2] = [?? , 1] ■ 



A.l. Orbifold 



As before, imposing the equivariance conditions allows us to infer the morphisms 
between orbifolded objects. For instance, 

/02:(Mi®Mi)^_, ^(PoV^i 

is the identity operator therefore non-zero bosonic morphisms exist only for fi' — fi = d — 2. 
Similarly for the fermions, since 

to2:(Mi®Mi)^_, ^(Pi)^, 

is the identity operator, fermionic morphisms exist for /x' — = d — 1. Thus, we infer that 
the intersection matrix from the matrix to the polynomial factorizations is 



where G is the shift matrix. 
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Appendix B. Composition of morphisms for W = Xq + Xf 



As shown in (|3.39| ), the fermionic morphisms from Mi to Mq have the form 



Tn 








1 \ 

A^ 



-10 / 



and 



Ti 



^ 1\ 

-Xf 

10 

\-Xf 0/ 



The morphisms from to have been constructed in Appendix A. The fermionic 



morphism from Mq to {Prj)^ has the formi 



tu tl2 
toi to2 



with 



[toi , to2] = [-V (^0 + vX^Xi + ifXoXl + rfXl) , 1] and [tn , tia] 
The bosonic morphism from m\ to {Pr])^ has the form 

/ = 

with 



foi f02 
/n /i2 



[fu , /12] = [v^Xf , -(A3 + r^A^Ai + v^XoXf + rj^Xf)] and [/oi , /02] = [v^Xf , l] . 

We want to show explicitly that the morphisms in the diagram of fig. 8 compose as 

tTiJ = TjfJ, t(r7To+Ti)J = 0, 

2 

where J is introduced to account for the shift of the object Mi [1] . Since here J multiplies 
all expressions on the right, we can neglect it in the following computations. Using the 
expressions above we find 

, -Af ?7 \ - f 

* ^ ' ~ ' -Af -77 (A3 + r^X^Xi + rj^XoXf + Tj^Xf) J ' ^ 



and 



-V 



t{r]To+Ti) = 
2fXl-7j^Xf 



\ iB.l) 

Ao (A2 + r^AoAi + ry^Af) Ai (A^ + r^AoAi + ry^Af) 



For simplicity we suppress tlie subscripts {fi, u) used in section five. 
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We need to show that the morphism that appears on the right hand side of this equahty 
is zero in cohomology. A bosonic morphism g is exact if 



g = Dj^2 s + s Dp^ 



with s a fermionic morphism. The differentials Dj^2 and D-p have the form 



/ 










^0 ^1 \ 

I Xi 
\Xf -Xo / 



and 





Xq-vX-l 



Xo - vXi 








If we parameterize the morphisms g and s as 

V 911 912 J 
the condition for g to be exact gives the system of equations 

goi = sii Xq + si2 X^ + soi {Xo - rjXi) 
902 = -si2 Xo + sii Xi + so2 {Xo - rjXi) 

xl + xl 



gii = soi Xo + sq2 X^ + su 



912 



-802 ^0 + SOl^l + ■Sl2 



Xo - vXi 

XI + xf 



Xo - vXi 



Sll Si2 





If we take g to be ([B.l|) , it is easy to see that these conditions can be satisfied by choosing 
soi = -Tf {Xl + TiXoXi + TfXl) and so2 = sn = si2 = . 
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